PHYSICS 474: Introduction to Particle Physics
Homework 5 Due: noon Friday, Feb 23, 2018

1. C, P and T Properties of Dipole Moments:

The non-relativistic Hamiltonian of a system in the presence of electric and magnetic

fields is given by

1
H:—m(ﬂJ.BﬂzJ-E), (1)

where J, B and E are the total angular momentum, magnetic and electric field vectors

respectively, and pu, d are the magnetic and electric dipole moments respectively.

(a) [3 points] Find the charge conjugation (C'), parity (P) and time-reversal (7) trans-

formation properties of J, B and E.

(b) [2 points] What can you tell about the C, P and T properties of the magnetic and
electric dipole moments (u and d) in Eq. (1)7

2. SO(4) Algebra:

(a) [5 points| Show that there are N(N —1)/2 linearly independent real, antisymmetric
N x N matrices. This means there are N(N — 1)/2 generators for SO(N).

(b) [5 points] From part (a), we know there are 6 generators for SO(4), i.e. J(my) with
(mn) = {(12),(23),(31),(14),(24),(34)}. Make them Hermitian by inserting an —i,

i.e. Jonn) = —1J(mn). Show that their commutators are given by

[omnys Jpa)) = U(8mpng) + OngJimp) — OnpIma) — SmaJup)) (2)
where 9,,,,’s are the usual Kronecker delta functions.
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(c) [5 points| The 6 matrices in part (b) naturally divide into two sets: (i) {J(23), J31), Ja2) }
which generate rotations in the 3-dimensional subspace spanned by the 1-; 2-, and
3-axes, and (ii) {J(14), J(24), J(34)}, which involve rotations involving the 4-th axis.
Denote the set (i) as {.Ji, Ja, J3} and the set (ii) as { K3, K», K3}. Using Eq. (2), show
that the SO(4) algebra now becomes

[Ji, J;] = dcijudi, i, K| = ideijuKy, (K, K| = idgijudy - (3)

. LRL Vector, SO(4) Algebra and Hydrogen Spectrum:

The Lagrange-Runge-Lenz (LRL, not LOL) vector for a Coulomb-type potential
V(r) = —% is given by

1 KT 1 [
L = —(Lx — = — (L — L — 4
m( p)+r 2m( XPp—Pp X )+T, (4)

where L and p are the angular and linear momentum, respectively.

(a) [5 points] Show that % =0, i.e. £ is a conserved quantity.

b) [5 points| Show that [L;, £;] = ihe;;1,Ly, and [L;, L£;] = —2Lihe; 1 Ly, where H =
j j j m J

% — 2 is the non-relativistic Hamiltonian.

(c) [5 points] Define M; = /—3%L;. Using your results from part (b), together with
the relation [L;, L;] = ihe;jp Ly (angular momentum algebra) and Problem 2c, show

that L; and M, satisfy the SO(4) algebra.

(d) [5 points] Define Ay ; = (L; £ M;)/2. Show that
(A, Apj] = thegpAy, [A_;, A_j] = thejpA_, Ay, A_;] = 0. (5)

(e) [5 points] Show that A7 — A2 =0 and A2 + A2 = —1 (R® + ZLk?).

(f) [5 points| Replacing the Hamiltonian H with its eigenvalue £ and A% with their

eigenvalues ay(ay + 1) (with ay = a_ = a, because A% — A? = 0), show that
mr? 1
E = - 6

wheren =2a+1=1,2,3,--- fora:(),%,l,~-



