Problem Set5

1. The electron in an infinite quantum well with quantum number n has energy

72 72 n2
E, = rl Hence when it makes a transition from the state n to the ground state,
2ma
n? n? ) hc
the energy released is AE = E, - E; = (n - 1) = —,
2 m a?
where A is the wavelength of the emitted photon.
2hcma?
Therefore the wavelength of the photon is A =
n?n? (n?2-1)
2. If both n and m are odd numbers :
a/2
Yo (X) Y (x) dx =
-a/2
2 ral/2 n m T ”
—J cos (— x) cos (— x) dx = (* change of variable: z = = x %)
a J-as2 a a 3
2 /2
— J‘ cos (nz) cos (mz) dz = (* product of two even functions
T J-n/2

4 /2
is still an even function *) —J cos (nz) cos (mz) dz =

wt Jo
4 1 n m T n m T
(* n # m %) — —(nsin (—) cos (—) - mcos (—) sin (—))
7w n? -m? 2 2 2 2
nrw m
Since n and m are odd integers, cos (—) and cos (—) are
2 2
a/2
both 0. Then we get Un (X) ¥ (x) dx = 0;
-a/2
If bothnandmare even numbers :
a/2
¥p (%) ¥ (x) dx =
-a/2
2 ra/2 nw m 7 2 (n/2
—j sin (—x) sin (—x) dx = —J sin (nz) sin (mz) dz = (* product of
a J-as2 a a 7t Jon/2

/2
two odd functions is an even function *) —j sin (nz) sin (mz) dz =
7wt Jo

4 1 nw m T nw m

— —(m sin (—) cos (—) - ncos (—) sin (—))

7 n? -m? 2 2 2 2
nw m 7

Since n and m are even integers, sin (—) and sin (—) are
2 2

a/2

both 0. Then we get Yp (X) ¥ (x) dx = O;
-a/2
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If nis an odd number and m is an even number :

a/2 2 ra/2 nrw m T
Yh (X) Y (%) dx = —J- cos (—x) sin (—x) dx = 0
—a/2 a J-as2 a a

(* the product of an odd function and an even
funciton is an odd funciton. And the integration of an
odd function over a range symmetric about origin is 0. *)

Hence for anyn # m, the normalized eigenfunctions of the
a/2

infinite potential well have the property Uy (%) Y (x) dx = 0.
-a/2

3. (a)
Since ¥ is properly normalized, we have
a/2
¥* (%) ¥ (x) dx = 1.
-a/2
Plug the expansion of y in, and we find :
a/2
Ur(x) ¥ (x) dx =
-a/2

a/2
1= j (AY1 (X) + BYo (x))* (AY; (x) + BYy (x)) dx = (* expand the
-a/2

product. For convenience, drop the x argument in function ¥. =*)

a/2
f |2 1245 ¢1 + |B|%Ysd2 + (A*BYj Y +B*AY} ¢ ) dx =
-a/2

|A|? 61,1+ |B|® 62,2+ (A*B+B*A) 612, = |A|%+|B|%.

Therefore, |A|?+ |B|%? = 1.

(b)

Eigenvalues of the infinite square well isE, =

72 72 n2
. Hence the probability of getting energy E; =
2ma
72 n?
for an energy measurement is | A |2 ,
2ma
2 a2 72
and the probability of gettingE; = ———is | B |?;
ma
The expectation value of the energy for this wave function is therefore <
. ) 7? 2 , 2 n? 2
> = | a| + | B|2 ——
2 m a? m a?
2 2 2 2 x?
4.y, = —sin(—x],E2=—;
a a m a?
2 3n 9 a2 n2
Y3 = —cos(—x),E3=—;
a a 2ma?

a
Hence the probability that the electron is in the domain [— -, 0] is:
2
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In[1]:= J- — - (Sin[— x] E ne ¢ + Cos[— x] E 2na t]
_2 ,\/? a a a
1 2 2 PR 1L 3 1L
—_— — [Sin[— x] E ma? +Cos[— x] E 2ma? dx
V? a a a
5n°th
1 4 Cos { Yot ]
Out[1]= — +
2 57
bd 4am
The period of oscillation of this probabilityist =2 — =
W Sxh



